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BO CAU HOI ON LUYEN PIEM 9, 10
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HINH HQC TONG HOQP

Bai 1: Cho tam gidc ABC c6 ba goc nhon ndi tiép
duong tron (O). Cac duong cao AD, BE, CF cit nhau
ta1
H va cit duong tron (O) 1an luot tai M,N,P.
Chung minh rang:
1. Tu gidc CEHD, ndi tiép .
2. Boén diém B,C,E.F cung nam trén mot duong
tron.
3. AE.AC = AH.AD; AD.BC =BE.AC.
4. HvaM dbi xtmg nhau qua BC.
5. Xac dinh tim duong tron ndi tiép tam giac
DEE.

Bai 2: Cho nua duong tron duong kinh AB = 2R.
T A va B ké hai tiép tuyén Ax, By. Qua diém M
thugc nura duong tron ké tiép tuyén thi ba cit cac y
tiep tuyén Ax , By lan lugt & C va D. Cac duong
thang AD va BC cit nhau tai N.

Ching minh AC + BD = CD. |
Chimg minh ZCOD = 90°. A

2
Chung minh AC. BD = il . c N
4

Chtrng minh: OC // BM.
Chimng minh AB 14 tiép tuyén cua dudng tron
duong kinh CD. \ LTk
Chtmg minh MN L AB.
7. Xac dinh vi tri cia M dé chu vi tir giac ACDB
dat gia tri nhé nhét.

Bai 3: Cho duong tron (O; R), tir mot diém A trén
(0) ké tiép tuyén d v6i (O). Trén duong thang d lay
diém M bat ki ( M khac A) ké cat tuyén MNP va goi
K 14 trung diém cta NP, ké tiép tuyén MB (B la tiép
diém). Ké AC L MB, BD L MA, goi H 1 giao diém
ciia AC va BD, I 1a giao diém caa OM va AB.

1. Chimg minh tir gidc AMBO ndi tiép.

2. Chimg minh nam diém O, K, A, M, B cliing nam
trén mot duong tron.
Chirng minh O1.OM = R?; OI. IM = 1A%,
Chtrng minh OAHB la hinh thoi.
Chung minh ba diém O, H, M thang hang.
Tim quy tich cta diém H khi M di chuyén trén
duong thang d.
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Bai 4: Cho tam gidc ABC vudng & A, duong cao
AH. V€& dudng tron tdm A ban kinh AH. Goi HD la
duong kinh cta duong tron (A; AH). Tiép tuyén cua
dudng tron tai D cit CA 6 E.

1. Chang minh tam giac BEC can.

2. Goi I 1a hinh chiéu cua A trén BE, Chung
minh rang Al = AH.

3. Chimg minh rang BE 1a tiép tuyén cua dudng
tron (A; AH).

4. Chung minh BE = BH + DE.

Bai 5: Cho duong tron (O; R) duong kinh AB. K¢
tiép tuyén Ax va ly trén tlep tuyen do mot diém P
sao cho AP > R, tir P ké tiép tuyén tiép xuc véi (O)
tai M.

1. Chiémg minh ring tir giac APMO ndi tiép
dugc mot duong tron.

2. Chtng minh BM // OP.

3. Puodng thang vudng géc véi AB & O cit tia
BM tai N. Chung minh t giac OBNP la hinh
binh hanh.

4. Biét AN cat OP tai K, PM cit ON tai I; PN va
OM kéo dai cat nhau tai J. Chimg minh I, J, K
thang hang.

Bai 6: Cho nira duong tron tam O duong kinh AB va
diém M bat ki trén ntra duong tron (M khic A,B).
Trén nura mat phang bo AB chira nira duong tron ke
tiép tuyen Ax. Tia BM cit Ax tai [; tla phén giac cua
goc IAM cit nua duong tron tai E, cit tia BM tai F;
tia BE cit Ax tai H, cit AM tai K.
1. Chung minh rang: EFMK 1a tir giac noi tiép.
2. Chimg minh rang; A =IM. IB.
3. Chung minh BAF la tam giac can.
4. Chung minh rang: T gidc AKFH 1 hinh
thoi.
5. Xac dinh vi tri M dé tir giac AKFI ndi tiép
dugc mdt duong tron.
Bai 7: Cho tam gidc ABC (AB = AC). Canh AB,
BC, CA tiép xtuc véi dudng tron (O) tai cac diém D,
E, F . BF cit (O) tai I, DI cit BC tai M. Chung minh:
1. Tam giac DEF c6 ba goc nhon.

2. DF//BC. ¢
3. Tu giac BDFC noi tiep.
BD_BM
CB. @F
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Bai 8: Cho duong tron (O) ban kinh R ¢6 hai duong
kinh AB va CD vudng géc vo1 nhau. Trén doan thang
AB lay diém M (M khac O). CM cat (O) tai N.
Duong thang vuong goc voi AB tai M cat tlep tuyen
tai N cua duong tron ¢ P. Chiing minh:
1. Ta giac OMNP noi tiép. A M o] =
g T e CIVEONE st T ]
3. CM. CN khéng phu thudc vao vi tri ciia diém
M.
4. KhiM di chuyén trén doan thang AB thi P
chay trén doan tha“ing ¢d dinh nao.

Bai 9: Cho tam giac ABC vuong ¢ A (AB > AQC),
duong cao AH. Trén nira mat phang bo BC chtra dién
A. V& nira duong tron duong kinh BH cit AB tai E.
Nira duong tron dudng kinh HC cét AC tai F.
1. Chtng minh AFHE 1a hinh chit nhat.
2. BEFC la tir giac noi tiép.
3. AE. AB =AF. AC.
4. Chung minh EF 1a tiép tuyén chung cia hai
ntra duong tron.
Bai 10: Cho diém C thudc doan thang AB sao cho
AC =10 cm, CB = 40 cm. V& vé mot phia ciia AB
cac nua duong tron c6 duong kinh theo tha tu 1a AB,
AC, CB va c6 tam theo tht tu 1a O, I, K. Duong
vuong goc véi AB tai C cét nira dudng tron (O) tai E.
Goi M. N theo tht ty 13 giao diém cua EA, EB véi
cac duong tron (1), (K).
1. Chang minh EC = MN.
2. Chirmg minh MN 14 tiép tuyén chung cua cac
ntra duong tron (I), (K).
3. Tinh MN.
4. Tinh dién tich hinh dugc gidi han bdi ba nura
duong tron.
Bai 11: Cho tam giac ABC vudng ¢ A. Trén canh AC liy diém M, dung duong tron (O) c6 duong kinh
MC. Puong thang BM cit dudng tron (O) tai D. Buong thang AD cat duong tron (O) tai S.
1. Chimg minh ABCD la tir gi4c noi tiép .
2. Chung minh CA Ia tia phan giac cua goc SCB.
3. Goi E 1a giao diém cua BC véi dudng tron (O). Chirng minh rang cac dudng thaing BA, EM, CD
dong quy.
4. Ching minh DM la tia phan giac ciia goc ADE.

5. Chung minh diém M 1a tim duong tron ndi tiép tam giac ADE.
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Bai 12: Cho tam giac déu ABC c6 duong cao la AH.

Trén canh BC lay diém M bat ki (M khong trang B. A
C, H); tt M ké MP, MQ vudng gboc vdi cac canh
AB, AC.
1. Chtng minh APMQ 1a tr giac ndi tiép va
hdy xac dinh tdm O cua dudng tron ngoai
tiép tir gidc do. O
2. Chimg minh ring MP + MQ = AH. P
3. Chung minh OH L PQ. 2
Q
B H M C

Bai 13: Cho duong tron (O) dudng kinh AC. Trén
ban kinh OC lay diém B tuy ¥ (B khac O, C ). Goi
M la trung diém cia doan AB. Qua M ké day cung
DE vudng goc v6i AB. Nbi CD, Ké BI vuong goc
voi CD.

1. Chung minh tir gisc BMDI noi tiép .

/ |
Chung minh tir giac ADBE 1 hinh thoi. A&

2
3. Chung minh Bl // AD.

4. Chtng minh |, B, E thang hang.

5. Ching minh MI 14 tiép tuyén cua (O’).

Bai 14: Cho duong tron (O; R) va (O’; R”) co R > R’ tiép xtc ngoai nhau tai C. Goi AC va BC 1a hai
duong kinh di qua diém C cua (O) va (O’). DE la day cung cua (O) vudng goc vdi AB tai trung diém M
cua AB. Goi giao diém thtr hai cua DC véi (O’) 1a F, BD cat (O’) tai G. Chirng minh rang:

1. Tir gidc MDGC ndi tiép . D
2. Bon diem M, D, B, F cung nam trén mat
duong tron i S

. Tu giac ADBE la hinh thoi.

. B, E, F thang héng Mb c -
DF, EG, AB dong quy. A o) [}
MF =1/2 DE. 2
MF la tiép tuyén cua (O). S

d
E
Q

Bai 15: Cho duong tron (O) duong kinh AB. Goi
<P
1
I

No U hw

I 13 trung diém ctia OA. V& duong tron tam I di
qua A, trén (I) lay P bat ki, AP cit (O) tai Q.
1. Chtng minh rang cac duodng tron (I) va
(O) tiép xtic nhau tai A.
2. Chtng minh IP // OQ.
3. Chung minh ring AP =IO, A
4. Xaéc dinh vi tri cia P dé tam giac AQB c6
dién tich 16n nhat.

I
w
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Bai 16: Cho hinh vuong ABCD, diém E thudc

canh BC. Qua B k¢ duong thang vudng goc voi A B
DE, duong thang nay cat cac duong thing DE va 1
DC theo thir tu & H va K.

1. Chtmg minh BHCD la tir gi4c noi tiép . e) E H

2. Tinh goéc CHK.

3. Chung minh KC. KD = KH.KB

4. Khi E di chuyén trén canh BC thi H di 1 ]

chuyén trén duong nao? D C K

Bai 17: Cho duong tron (O), BC 1a day bat ki (BC A

< 2R). K¢ céc tiép tuyén voi duong tron (O) tai B
va C chung cit nhau tai A. Trén cung nho BC ly
mot diém M 1di ké cac duong vudng goc MI, MH,
MK xuéng cac canh tuong ing BC, AC, AB. Goi
giao diém caua BM, IK 1a P; giao diém cua CM, K
H 12 Q. 4
1. Chtng minh tam giac ABC can.
2. Céac tir giac BIMK, CIMH ndi tiép .
3. Ching minh MI? = MH.MK.
4. Ching minh PQ L MI.

Bai 18: Cho duong tron (O), duong kinh AB =
2R. V& day cung CD L AB ¢ H. Goi M la diém
chinh gitra ctia cung CB, I 14 giao diém ctia CB va
OM. K 1a giao diém ctia AM va CB. Chirng minh:
KC AC

KB AB’

AM la tia phan giac cua ZCMD.

T giac OHCI ndi tiép.

Chimg minh duong vuong goc ké tr M
dén AC ciing 1a tiép tuyén cua dudng tron
tai M.

Hownd

Bai 19: Cho tam giac ABC noi tiép (O). Goi H 1a
tryc tam cua tam giac ABC; E la diém dbi xung
cia H qua BC; F 1a diém ddi xtmg ciia H qua
trung diém I ctia BC.

Chtng minh tr gidc BHCF 1a hinh binh hanh.

E, F nam trén duong tron (O).

Chting minh tr giac BCFE la hinh thang can.

Goi G 1a giao diém cta AI va OH. Chimg minh G
la trong tdm cua tam giac ABC.
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Bai 20: Cho duong tron (O), duong kinh AB =
2R. Mot cat tuyén MN quay quanh trung diém H
cua OB.
1. Chiung minh khi MN di dong, trung diém
I cia MN ludén ndm trén mot duong tron
¢d dinh.
2. T A ké Ax L MN, tia BI cit Ax tai C.
Chung minh tir giac CMBN 1a hinh binh A
hanh.
3. Chung minh C la tryc tam cua tam giac
AMN. M
4. Khi MN quay quanh H thi C di dong trén
dudng nao.
5. Cho AM. AN = 3R? AN = R+/3. Tinh
dién tich phan hinh tron (O) ndm ngoai
tam giac AMN.

Bai 21: Cho duong tron (O), duong kinh AB ¢
dinh, diém I nam gitra A va O sao cho Al = 2/3
AO. Ké day MN vudng goc véi AB tai I, goi C la
diém tuy ¥ thudc cung 16n MN sao cho C khong
tring voi M, N va B. Noi AC cit MN tai E.
1. Chung minh tir giac IECB ndi tiép.
2. Chimg minh tam giac AME dong dang vdi
tam giac ACM.
3. Chung minh AM? = AE.AC.
4. Chirng minh AE. AC - ALIB = Al%
5. Hay xac dinh vi trf cia C sao cho khoang
cach tir N dén tdm duong tron ngoai tiép
tam giac CME la nho nht.

Bai 22: Cho duong tron (O) duong kinh BC, diy
AD vuong goéc voi BC tai H. Goi E, F theo tha tu
1a chan cac duong vudng goc ké tir H dén AB,
AC. Goi (1), (K) theo thtr ty 1a cac duong tron

ngoai tiép tam gisac HBE, HCF.
1. Hay xac dinh vi tri twong d6i cua céc
duong tron (I) va (0); (K) va (0); (I) va

N
A
G
B )

(K). R

T gidc AEHF 1a hinh gi? Vi sao?.

Ching minh AE. AB = AF. AC.

Chimg minh EF 1a tiép tuyén chung cua

hai duong tron (1) va (K).

5. Xéac dinh vi tri caa H dé EF ¢6 d6 dai 1on
nhat.

~ow

Bai 23: AB va AC la hai tiép tuyén cua duong
tron tdm O ban kinh R (B, C la tiép diém). V&
CH vudng goc AB tai H, cit (O) tai E va cat OA
tai D.
% Chimsminh COESICH!
2. Chirng minh tr giac OBCD Ia hinh thoi.
3. Goi M la trung diém ctia CE, Bm cat OH
tai I. Chtng minh I 1a trung diém cta OH.
4. Tiép tuyén tai E véi (O) cit AC tai K.
Chumng minh ba diém O, M, K thang hang.
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PHUONG TRINH CHUA CAN THUC (PHUONG TRINH VO TI)

PHUONG PHAP 1: PHUONG PHAP BIEN POI TUONG PUONG
(PHUONG PHAP LUY THUA, ..)
Bai 1: Giai cac phuong trinh sau:

1)\Bx—3=+3-x 2) JBx—3=3-x

SNE I, L TE= 4) Jx+3+Jx+8=5

5) ¥X—2 —/5x—6 =+/3x—5 6) V8X+1++/3-5x =7x+4+/2x—-2
7) 5x—3+122—-x =4 8) IYx+2+325—x=3

PHUONG PHAP 2: PHUONG PHAP PUA VE PHUONG TRINH
CHUA DAU GIA TRI TUYET DOI
Bai 2: Giai cac phuong trinh sau:

1) VX2 +4x+4+[x—4=0 2) J25x% 10X +1=x—2
3) VX +8X+16 ++x° —14x+49 =11 4) JAX% +20%+25 +/x2 —8x+16 = \/x* +18x +81

5) VX+3—4VX—1 +x+8+6Jx—1=4 B) VX+2+3v2x—5 +yx—2-2x—5 =242

PHUONG PHAP 3: PHUONG PHAP PAT AN PHU

Loai 1: Phuwong trinh cé chira f (x) va /f (X)
Bai 3: Giai cac phuong trinh sau:
1) 2x*—8x—3Jx?—4x-5=12 2) 2x2 +2x—-9=2x* +4x+6

3) x* —4x—10-3,/(x+2)(x—6) =0

Loai 2: Phwong trinh ¢6 chira /A +/B va JAB
Bai 4: Giai cac phuong trinh sau:

1) "X+4+"X_4:x+\/x2—16—6 2) N2X4+3+X+1=3x+2/2x* +5x+3 -2

2
3) TX+7 +Tx—6+ 2449x% + Tx— 42 =181 14x

Loai 3: Pit 4n phu khong hoan toan
Bai 5: Giai cac phuong trinh sau:

1) X2 +3X—xUX2+2=1+2x2+2 2) (x+1)vx* =2x+3=x"+1
3) (1-4x)V4x® +1=8x*+2x+1 4) (4x-1)\V +1=2x° +2x+1

Loai 4: Pat mét hoic hai 4n phu dwa vé phwong trinh dang cap
Bai 6: Giai cac phuong trinh sau:

1) 2(x*+2)=5Vx° +1 2) 2x2 4 5x—1= 7/}’ 1
3) v aver VA= A 4) VX2 +14x+9 — X2 —x—20 =5x+1

Loai 5: Pat mot hoiic nhiéu an phu dwa vé hé phwong trinh
Bai 7: Giai cac phuong trinh sau:

1) Vx+\5=x+,/x(5-x) =5 2) 3V2x+1-6x+4+,[(2x+1)(x+4)+7=0
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3) 233x—2+3J6-5x—-8=0 4) 35x+7—-3Y5x—12 =1 5) {47 —2x +4/35+2x =4

PHUONG PHAP 4: PHUONG PHAP DPUA VE PHUONG TRINH TIiCH
Bai 8: Giai cac phuong trinh sau:

1) \/§+\/x+1:1+\fx(x+1) 2) Yx+1+3Yx+2 =1+3x*+3x+2

3) 7x—-1-/x*—x* +x-1=0 4) Ix+3+2xx+1 = 2x+/x* +4x+3

5) \/x+3+\/4LB:4\/; 6) VX2 +8x+15=3Jx+3+2Jx+5-6
X+

7) x—ZM—(x—l)«&ﬂ/xz—x =0

PHUONG PHAP 5: PHUONG PHAP NHAN LIEN HQP
Bai 9: Giai cac phuong trinh sau:

1) 3x+1-6—x +3x*~14x—8=0 2) X+1+4x> =1+/3x
3) VX*+12+5=3x++x*+5 4) V325X +1— 33— 2 =4/3x2 — 3x— 3 — /32 —3x+ 4

PHUONG PHAP 6: PHUONG PHAP DANH GIA
Bai 10: Giai cac phuong trinh sau:

1) X* +9x+20=2+/3x+10 2) V2x—3+/5—2x =3x* —12x+14
3) V7—X+/x=5=x>-12x+38 4) V3X% +6X+7 +/5x% +10x+21 =5-2x— X
Goi y:
(x+3)° =0

1) X2 +6x+9+3x+10+1=2/3x+10 < (x+3)2 +(\/3x+10 —1)2 ==

(V3x+10 —1)2 -0

2) Ap dung BDT Bunhiacopxki cho vé trai, ta duoc
2
VT2 =(V2x=3+5-2x) <(1°+1°)(x—3+5-2x)=4=>VT <2

Mit khac ta co: 3x* —12x+14=3(x—2)" +2>2

V2x-3  5-2x
Khi do6 phuong trinh ¢6 nghiém < 1 1 X2
X—2=0
3) Ap dung BDT Bunhiacopxki cho vé trai, ta duoc

VT2 = (VT +X—B) <(B+22)(7-x+x-5)=4=VT <2

Mt khac ta co: x* ~12x+38=(x—6)" +2>2

MR -, Jx=5
Khi d6 phuong trinh ¢6 nghiém <4 1 1 < x=6
X-6=0

4) VT =+3x% +6x+7 +5x° +10x+21 = \/3(x+1)2 +4 +\/”5(x+1)2 +16 >4 +/16 =6
VP =5F 2x—x® =—(x+1)°+6<6
Phuong trinh c6 nghiém < x=-1
MOQT SO PHUONG TRINH CHUA CAN THUC TRONG PE THI TUYEN SINH CUA HA NOI

Céu 1 (Nam hoc 1992 — 1993): Giai phuong trinh - + e - 2+x
(T T 2

Céu 2 (Nidm hoc 1994 — 1995): Tim tat ca cac cap sd (X; y) thod man phuong trinh sau:
5x—2vx (2+y)+y? +1=0
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Cau 3 (Nim hoc 2009 — 2010): Giai phuong trinh: \/xz —%+ /xz = x+% = %(sz +X* +2x+1)

Cau 4 (Niam hgc 2010 — 2011): Giai phuong trinh  X* +4x+7 =(X+ 4)fo2 +7.

BAI TOAN TONG HQP (CHUNG MINH BPT, TIM GTLN, GTNN,...)

Bai 1: Cho a=0. Gia st b, ¢ 12 nghiém cua phuong trinh: x* —ax —% =0. Chirng minh rang:
a

b'+c*>2+2
) < A LA N 3 e . 5 A , 1 3
Bai 2: Cho hai s06 duong X, y ¢6 tong bang 1. Tim gia tri nho nhat cua: S= ———+—.
X“+y° 4xy
. o1 1 ] 1 TR S
Bai 3: Cho x,y,z € R théa man: — + — + = = ————— . Hay tinh gia tri cua biéu thuc :
X Yy I X+Yy+12
3
M= (x®—v8)( v+ 72)(2° — x©
7 =Y)(y +2°) (27 -x)
Goiy:
Tu:—+1+1= s
Yy Z X+y+z
:>_+_+E_;:O:>x+y+x+y+z—zzo
X Yy Z X+y+1z Xy Z(x+y+12)

1 1 IX+2y +2° + Xy
:>(Z+y){xy+ z(x+y+z)} :(Xer)L Xyz(x +y + ) J

= (x+y)(y+2z)(z+x) =0
X =y =(x+y)(x— )(x2+y2)(x4+y4)
Taco: <y’ + 2° =(y+z (y LV R & — +28)

Ty :(z+x)(z Sl 7y —zx3+x4)(25—x5)

Vay M =% +(x+ y)(y+z)(z+x).A=%.

Bai 4: Cho céc s thuc X, Y,z thoa man X? +y? +z° =1. Tim gi tri nho nhat cta biéu thuc:

F=Xxy+2yz+2zx
Goiy:
2 Xy + Yz +2X > X4y +z8 -1
X+y+2z) 20 5 =0 DL e
Tacé{( yz) = AN ; 2 2:>F271+?1=—1
(y+2)" =0 o> B0k i =851
2 2 2
X+y+z=0 x=0
Dau ““="" xayrakhi {y+z=0;x=0 < \/_

=—z=+3%
rytezz=1 |7 ¥

Vay gia tri nho nhat caa F 1a— 1.
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Bai 5: Vi hai s6 thuc khéng am a, b thoa man a® +b? =4, tim gid tri 16n nhét ca biéu thic:

_ab

Ca+b+2

Goiy:
_ b _(a+b)2—(az+b2)_(a+b)2—4_(a+b—2)(a+b+2)_a+b_2
“a+b+2  2(a+b+2)  2(a+b+2)  2(a+b+2) 2

Ta co (a+b)2 32(a2+b2):>a+bs 2(a2+b2)

2(a2+b2)—2 oa_2
2 TN
Dau bang xay ra khi a=b=42.

Vay gid tri 16n nhét cia M 1a \/5—1, xay ra khi a:b:\/z.

Vay M < el

Bai 6: Cho céc s6 thuc duong X, y théa man X+ y >3. Ching minh rang: X+y +2i +g > % . Pang thuc
Xy
xay ra khi nao?

Goiy:
Cach 1:
Vo6i x,y>0 va x+y=>3.

Ta co: VT:x+y+i+g:l x+y+(x_2+lj+ y_4+ﬂ +6
2x y 2 X y

;[Hyw%j{ﬁ_%f+6]>g(g+e>g

J__%_OQ{X—l

2 e
y——=0
I

Dang thirc xay ra <

Cach 2:
Vo6i X,y >0 va x+y=>3.

Ta co: x+y+i+2:l x+y+(x+lj+ y+i zl 3+2fx.£+2 y.i :g
2 o X y 2 X y R 2

L
9 - X x=1 5
bang thirc xay ra < & (vi X,y>0).
P e
y

Bai 7: Cho 2015 s6 nguyén duong a1 a,; a3 a,,. théa man diéu kién:
1

+ -+ ..t
\/E ﬁ ﬁ Vams

Chung minh rang trong 2015 s6 nguyén duong d6, ludn ton tai it nhat 2 so bang nhau.

>89

Q@iﬁi
Gia str khong ton tai hai s6 bang nhau ma 8@, 85} 85 nguyén duong.
Khong 1am mat tinh tong quat gia sir & > 8, > 85 > ... > 5
Nén & 21, 8,22, ..., a2015 > 2015

Suyra1+1 S (1)
AN @ff " ots
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1 1 1 2 2
Me— L= L <1+ I oot 2
Taco B B o5 a2 T 2014 + 2015 (2)

2 2
y1+——F—+...+ :Zx/2015—1<89 3
=" J2014 +/2015 (%)
i1 ] !
T (1), (2), (3) suy ra ——=+—=+...+ =—= <89 (trai voi gia thiét).
y a1 a‘2 a2015 g

Viy trong 2015 sb nguyén duong d6 ton tai it nhét 2 s6 bang nhau.

Bai 8: Cho X, y, z 14 cac sd duong thay d6i thoa man diéu kién: 5x° +2xyz +4y® +3z> =60. Tim gia tri
nho nhat cia biéu thirc B=X+y+2.

Goiy:
Ta c6: 5x° +2xyz +4y* +32° =60
& 5X2+2xyz +4y* +32°-60=0
A, =(yz)" =5(4y* +32° —60)=(15-y*)(20-2°)

4y? <60 2<15 2_15>0
y :{y :{y =A >0

X

Vi 5x% +2xyz + 4y* +32° =60 =
3z° <60 7 <20 722 -20>0

1 2 2
= —y2 —72) —-yz+—(15-y“+20-z
= = yz+\ll(15 5y )(20 : )S 2( = ) (Bét dang thuc C6 si)

X < —2yz+35-y*-22 _35-(y+2)’
\ 10 10

2 2
Aille. o 35—(y+z)10+10(y+z) X 60—(yl;z—5) s

y+z-5=0 x=1

Déu = xay rakhi {15—-y*=20-72 < {y=2
X+y+2=6 =3

Vay gia tri 16n nhét cua B 13 6 dat taix =1; V=282 = Sk
2
Bai tap twong tu: Cho X, y, z 1a cac so thu théa man diéu kién: 37+ y>+2z°+yz=1. Tim gié tri nho

nhat va gié tri 16n nhat cua biéu thic B=X+y+2.

2 2
Bai 9: Cho hai s6 duong X, y théa x > 2y . Tim gia trj nho nhat ciia biéu thirc: P=—2X Y 2%y
Xy
Goiy:
2 2 2 2 2 2 2 2
Ta co: F>=2x +H2xy KA+ Y X S2XY X+ X — 22Xy
Xy Xy Xy Xy
_4x2+4y2+x2—2xy_3x2+x2+4y2+x(x—2y)
4xy Xy 4xy  4xy Xy
2 2 .
=—.§+X il +X 2y2§.2+1+0=E
4y 4xy y 4 2
L)
: 5
Vi {x2+4y? >2,/x2.4y? =4xy =P, =~ khi x=2y.
X +4y X°.4y° =4xy > y
X—-2y=>0
y>0
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Bai 10: Cho a, b, ¢>0 va a+b+c=3. Chtitng minh rang a5+b5+05+1+6+126.
a c
Goiy:
a5+122a2
a
Ap dung bat dang thirc C6 si cho hai s6 dwong, ta co: b5+%22b2 (1)
¢ +1s o
c
Suy ra a5+b5+c5+£+1+122(a2+b2+c2)
Al ¢
az+1>2a
Mat khac <b2+1>2b . Suyra a*+b*+c*>2(a+b+c)-3=23-3=3 (2)
c2+1>2c

Tu (1) va (2):&5+b5+C5+§+%+%263(dpcm).

Bai 11:
1. Gidi phuong trinh v/3x? —6x—6 =3,/(2—x)° +(7x-19)v2—x.

2. Xét cac s thuc duong a, b, ¢ thoa man abc =1. Tim gia tri 16n nhét ctia biéu thirc

T a_ b N c
b*+c*+a a'+c'+b a'+b'+c
Goiy:
: 3x* —6x—6>0
1. Didukiénxac dinh { > & x<1-43.
Z=pg=0

Véi x<1-4/3, phuong trinh da cho twong duong vai:
3x2 —6x—6 =3(2—x) 2—x+(7x-19)2—x
@\m:\/ﬂ@xz—5x—7)©m—\/ﬂ:\/ﬂ(3xz—5x—8)
2 3x*-5x—-8=0
@Jsxzixsxfgj/ﬂzm(gxz_Sx_g)@ 1:\/ﬂw3x2—6x—6+\/ﬂ)
(do \3x2—6x—6+2—x >0, Vx<1-+/3).
+ 3x*-5x—8=0 <> x=-1 (théa min dk) hoic X:g (khong thoa mén diéu kién)
+ 1:ﬁ(m+ﬁ)©1:2—x+m.ﬁ

& X—1=+/3x> —6x—6./2—X i)
Vi x<1-+/3 nén x-1<0<+/3x* —6x—6~/2—x do d6 (*) v6 nghiém.

Vay phuong trinh da cho c¢6 nghiém duy nhat x =—1.
2. Taco: a'+b*>ab(a’+b*) VabeR

Thét vy a‘+b* 2 ab(a’ +b’) < a* +b* >a®h+ab’
< (a-b)(a*-b*)>0«> (a—b)’(a’+ab+b*)>0 (luon ding Va,beR)
a;b;c>0

abc=1 )

Do d6 a‘+b*+c>ab(a’+b’)+c < a’ +b*+c>ab(a’ +b?)+abc® >0 (vi {
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: (vi ¢>0)
R ab(a2+b2)+abc2

caly " c
a‘+b*+c” ab(a2+b2+cz)
c > c’

a‘+b*+c abc(a2+b2+cz)

fe—g

2

c c
< 1
e R I L ST L @)
b b?
< 2
TS, al e Hbe A%t e (2)
N 2

b*+c*+a a’+b?+c?

Cong theo vé cac bat dang thirc (1) . (2) va (3) ta co:

a b c a’
<

CZ

=1

+

+ <
b*fEe@aa a'MR +b a‘Wb'+c a2+l +c2

= T<1 Va;b;c>0 thoaman abc=1.
V6i a=b=c=1thi T=1.
Vay GTLN cia T 1a 1, xay rakhi a=b=c=1.

n & =
AR c da il [ys W 2
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